Robust attitude tracking control of a small-scale aerobatic helicopter using geometric and backstepping techniques is presented in this article. A nonlinear coupled rotor-fuselage dynamics model of the helicopter is considered, wherein the rotor flap dynamics is modeled as a first order system, while the fuselage is as a rigid body dynamically coupled to the rotor system. The robustness of the controller in the presence of both structured and unstructured disturbances is explored. The structured disturbance is due to uncertainty in the rotor parameters, and the unstructured perturbation is modeled as an exogenous torque acting on the fuselage. The performance of the controller is demonstrated in the presence of both types of disturbances through simulations for a small-scale unmanned helicopter. This work is, possibly, the first systematic attempt at designing a globally defined robust attitude tracking controller for an aerobatic helicopter which retains the rotor dynamics and incorporates the uncertainties involved.
Introduction
Small-scale conventional helicopter Unmanned Aerial Vehicles (UAVs) are being used for a wide variety of missions ranging from surveillance, precision agriculture, movie making, pipeline inspection, real estate, wild life monitoring etc. to name a few. These helicopters with a single main rotor and a tail rotor are capable of performing extreme 3D aerobatic maneuvers (Gavrilets, Frazzoli, Mettler, Piedmonte, and Feron, 2001; Abbeel, Coates, and Ng, 2010; Gerig, 2008) . These maneuvers may be critical towards the survivability of the vehicle under extreme circumstances such as in the presence of strong wind-gust, flight in a cluttered and congested environment and combat scenarios. These aggressive maneuvers involve large angle rotations with high angular velocity, inverted flight, split-S, pirouette etc. This necessitates a tracking controller which is globally defined and is capable of achieving such aggressive rotational maneuvers.
The attitude tracking problem of a helicopter is significantly different from that of a rigid body. A smallscale helicopter is modeled as a coupled interconnected system consisting of a fuselage and a rotor. The control moments generated by the rotor excite the rigid body dynamics of the fuselage which in-turn affects the rotor loads and its dynamics causing nonlinear coupling. The key differences between the rigid body tracking problem and the attitude tracking of a helicopter are the following: 1) the presence of large aerodynamic damping in the rotational dynamics and 2) the required control moment for tracking cannot be applied instantaneously due to the rotor blade dynamics. The control moments are produced by the rotor subsystem which inherently has a first order dynamics (Mettler, 2013) .
The significance of including the rotor dynamics in controller design for helicopters has been extensively studied in the literature (Hall Jr and Bryson Jr, 1973; Takahashi, 1994; Ingle and Celi, 1994; Panza and Lovera, 2014) . Hall Jr and Bryson Jr (1973) have shown the importance of rotor state feedback in achieving tight attitude control for large scale helicopters, Takahashi (1994) compares H ∞ attitude controller design for the cases with and without rotor state feedback. In a similar work, Ingle and Celi (1994) have investigated the effect of including rotor dynamics on various controllers, namely LQG, Eigenstructure Assignment and H ∞ , for meeting stringent handling quality requirements. They conclude that the controllers designed to meet the high bandwidth requirements with the rotor dynamics were more robust and required lower control activity than the ones designed without including the rotor dynamics. Panza and Lovera (2014) used rotor state feedback and designed an H ∞ controller which is robust and also fault tolerant with respect to failure of the rotor state sensor. Previous attempts to small-scale helicopter attitude control are mostly based on attitude parametrization such as Euler angles, which suffer from singularity issues, or quaternions which have Email addresses: nraj@iitk.ac.in (Nidhish Raj) , ravi.banavar@gmail.com (Ravi N Banavar ), abhish@iitk.ac.in (Abhishek ), mangal@iitk.ac.in (Mangal Kothari ) ambiguity in representation. Tang, Yang, Qian, and Zheng (2015) explicitly consider the rotor dynamics and design stabilizing controller based on sliding mode technique using Euler angles and hence confined to small angle maneuvers. Raptis, Valavanis, and Moreno (2011) have designed position tracking controller for smallscale helicopter wherein the inner loop attitude controller was based on rotation matrix, but does not consider the rotor dynamics. Naldi (2006, 2007) designed a position tracking controller for flybared (with stabilizer bar) miniature helicopter which is robust with respect to large variations in parameters, but have made the simplifying assumption of disregarding the rotor dynamics by taking a static relation between the flap angles and the cyclic input. Stressing the significance of rotor dynamics, Ahmed and Pota (2009) ; Ahmed, Pota, and Garratt (2010) developed a backstepping based stabilizing controller using Euler angles for a smallscale flybared helicopter with the inclusion of servo and rotor dynamics. They have provided correction terms in the controller to incorporate the effect of servo and rotor dynamics. For near hover conditions, Zhu and Huo (2013) have developed a robust nonlinear controller disregarding the flap dynamics. Frazzoli, Dahleh, and Feron (2000) developed a coordinate chart independent trajectory tracking controller on the configuration manifold SE(3) for a small-scale helicopter, but the flap dynamics was not taken into account.
The synthesis of a robust attitude tracking control for a small-scale flybarless aerobatic helicopter is presented in this paper. A coupled rotor-fuselage model of the helicopter, wherein the fuselage is modeled as a rigid body and the rotor as a first order system, is considered. Disturbances are added to both the fuselage and rotor dynamics. The disturbance added to the fuselage dynamics is unstructured and captures the effect of exogenous torque acting on the helicopter and is lumped together as ∆ f (t) in (1). This torque could arise due to center of mass misalignment from the main rotor shaft axis or the moment due to a tethered load attached to a point different from the center of mass or the effect of wind/rotor-downwash on the fuselage. On the other hand, for the rotor dynamics, structured disturbance in the form of uncertainties in parameters is considered. The parameters of the rotor dynamics, rotor stiffness K β , K t and time constants τ m , τ t , are estimated from flight data by means of system identification and hence prone to be erroneous. As discussed in this paper, with the controller proposed in Raj, Banavar, Abhishek, and Kothari (2017) , the tracking completely fails by using an overestimated value of the main rotor time constant, τ m , in the controller. In this paper, a robust attitude tracking controller is designed using notions of geometric control and the backstepping approach which renders the solutions of the associated error dynamics to be uniformly ultimately bounded. It is observed through numerical simulations that the proposed controller is capable of performing aggressive rotational maneuvers in the presence of the aforementioned structured and unstructured disturbances.
The paper is organized as follows: Section 2 describes the rotor-fuselage dynamics of a small-scale helicopter, explains the effect of aerodynamic damping, and motivates the need for a robust attitude tracking controller. Section 3 presents the proposed robust attitude tracking controller for the helicopter rotor-fuselage dynamics. The efficacy of the proposed controller is demonstrated through numerical simulation in Section 4.
Helicopter Model
Unlike quadrotors, a helicopter modeled as a rigid body does not capture all the dynamics required for high bandwidth attitude control purposes. Hence we consider here a hybrid model of a small scale flybarless helicopter which consists of a fuselage and a rotor. The fuselage is modeled as a rigid body and the rotor as a first order system which generates the required control moment. The inclusion of the rotor model is crucial, since it introduces the significant aerodynamic damping in the system, which is an integral part of the dynamics of the helicopter. This clearly distinguishes the helicopter control problem from that of rigid bodies in space and robotics applications, where this interplay is not present. The rotational equations of motion of the fuselage are given by,
where R ∈ SO(3) is the rotation matrix which transforms vectors from body fixed frame,
is the external moment acting on the fuselage due to the rotor, ∆ f is the disturbance torque bounded by ∆ f (t) < δ f and J is the body moment of inertia of the fuselage. ω = [ω x , ω y , ω z ] is the angular velocity of the fuselage expressed in the body frame. The hat operator,(·), is a Lie algebra isomorphism from 3 to so(3) given bŷ
The first order tip path plane (TPP) equations for the rotor are considered, as they capture the required dynamics for gross movement of the fuselage (Mettler, 2013) . The coupled flap equation for the rotor as given in Mettler (2013); Chen (1980) arė
where a and b are respectively the longitudinal and lateral tilt of the rotor disc with respect to the hub plane as shown in Fig. 2 . τ m is the main rotor time constant and θ a and θ b are the control inputs to the rotor subsystem. They are respectively the lateral and longitudinal cyclic blade pitch angles actuated by servos through a swash plate mechanism. k β is the blade root stiffness, Ω is the main rotor angular velocity, and I β is the blade moment of inertia about the flap hinge. The above equation introduces cross coupling through flap angle and angular velocity. It can be rewritten aṡ
Note that the effect of the angular velocity cross coupling can be effectively canceled using the fuselage angular velocity feedback, since the rotor angular velocity, Ω, can be measured accurately using an on-board autopilot. The coupling of rotor and fuselage occurs through the rotor hub. The rolling moment, M x and pitching moment M y , acting on the fuselage due to the rotor flapping consists of two components -due to tilting of the thrust vector, T , and due to the rotor hub stiffness, k β , and are given by
where h is the distance of the rotor hub from the center of mass. For small-scale helicopters, the rotor hub stiffness k β is much larger than the component due to tilting of thrust vector, hT (see Table 1 ). Thus, a nominal variation in thrust would result in only a small variation of the equivalent hub stiffness, K β (hT + k β ). The control moment about yaw axis, M z , is applied through tail rotor which, due to it's higher RPM, has a much faster aerodynamic response than the main rotor flap dynamics. The tail rotor along with the actuating servo is modeled as a first order system with τ t as the tail rotor time constant,
The main rotor dynamics (2) and tail rotor dynamics could be written in terms of the control moments and a pseudo-control input
where
The symmetric and skew symmetric parts of A are denoted by −A τ and A k respectively. Note that the combined rotor-fuselage dynamics given by (1) and (6) cannot be given the form of a simple mechanical system (Bullo and Lewis, 2004) as the actuator dynamics is first order. This precludes the equations of motion being written in the usual form of a geodesic on a Riemannian manifold.
The aerodynamic damping comes in through the presence of negative angular velocity terms in (2). A positive angular velocity builds up negative flap angles, leading to negative moment and vice versa. The effect of the damping on the attitude dynamics of a small-scale helicopter (parameters in Table 1 ) is depicted in Fig  3. An initial angular velocity of 360 deg/s about the roll axis is damped to zero in less than a second. The maximum damping moment generated in the process is 17 N-m, which is a significant torque for a rigid body of this size. Aerobatic maneuvers involve attitude trajectories of large angular velocities, therefore there is a need to design controllers which cancel the damping effect. The effect of damping can be canceled effectively by augmenting the control input with angular velocity feedback. Exact cancellation requires the knowledge of the true value of the main rotor time constant, τ m . An overestimate of τ m if used for canceling ω x y would result in a positive feedback of the angular velocity, which could make the attitude dynamics unstable as shown in Fig 4. We restrict our analysis to the case where the rotor stiffness parameters are known perfectly, although it can be easily extended to include such uncertainties. This assumption is justified as it has been observed through numerical simulations that even a significant error in K does not lead to tracking instability. This motivates the attempt made in this paper to make the attitude controller robust with respect to uncertainty in the main rotor time constant. The estimates of rotor time constants are given byτ m = (1 + α m )τ m andτ t = (1 + α t )τ t where the uncertainty parameters α m , α t satisfy |α m | < α m,max < 1 and |α t | < α t,max < 1. Define the maximum variation in parameters to be α max{α m,max , α t,max }. The estimates of A τ and A are given bȳ
Using the above relations we have
Robust Attitude Tracking for Helicopter
Given a twice differentiable attitude reference command
, the objective is to design an attitude tracking controller for the helicopter. The combined rotor-fuselage dynamics is reproduced here for convenienceṘ = Rω,
In order to apply the backstepping approach, first the tracking problem is transformed to stabilization of the error dynamics. Then, a robust attitude tracking controller for the fuselage subsystem is designed, as is described in Lee, Leok, and Harris McClamroch (2011) , which is subsequently extended to include the rotor dynamics. The configuration space of fuselage subsystem is the Lie group SO(3). As is pointed out by Maithripala, Berg, and Dayawansa (2006), a general tracking problem on a Lie group can be reduced to a configuration stabilization problem about the identity element of the group. This is possible on a Lie group since the error between any two configurations can be naturally defined using the group operation. Such an operation is not always defined on a general configuration manifold. For the set of rotation matrices, SO(3), the rotation error matrix between the current rotation R and the desired rotation R d is defined as R e R T d R. R e transforms a vector from the current body frame to the desired body frame. To obtain the fuselage error dynamics, differentiate R eṘ
Defining e ω ω − R T e ω d , thenṘ e reduces toṘ e = R eêω .
Differentiate J e ω to obtain the fuselage error dynamics
Defining e M M − M d as the difference between the actual and desired moment acting on the fuselage due to the rotor. Differentiating e M gives the rotor error dynamics,
The equilibrium of the error dynamics corresponding to zero tracking error and hence meant to be stabilized is (R e , e ω , e M ) = (I, 0, 0). The tracking error stabilizing controller has proportional derivative plus feed-forward components. The proportional action is derived from a tracking error function ψ : SO(3) → which is defined as
ψ has a single critical point within the sub level set about the identity I, Γ 2 {R ∈ SO(3)|ψ(R) < 2}. This sublevel set represents the set of all rotations which are less than π radians from the identity I. The derivative of ψ is given by
where the rotation error vector is
where (·) ∨ : so(3) → 3 is the inverse of hat map(·). The above derivation uses the fact that − 1 2 t r(âb) = a · b and the trace of the product of symmetric and skew symmetric matrices is zero. The total derivative of e R iṡ
Since ψ is positive definite and quadratic within the sub level set Γ ξ 2 {R ∈ SO(3)|ψ(R) ≤ ξ 2 } for some positive ξ 2 < 2, this makes ψ uniformly quadratic about the identity (Bullo and Lewis, 2004) . This implies there exists positive constants b 1 = 1/2 and b 2 = 1/(2 − ξ 2 ) (Lee, 2011) such that
The following definition of ultimate boundedness taken from Khalil (2002) has been given here for the sake of completeness.
Definition 1. Consider the systemẋ
where 
The following lemma uses Lyapunov analysis to show ultimate boundedness for (20) and is a variation of Theorem 4.18 in Khalil (2002) .
Lemma 1. Let D ⊂ n be a domain that contains the origin and V
for positive k 1 , k 2 , k 3 and consider the sublevel set L
, the solution of (20) is uniformly ultimately bounded with ultimate bound b, i.e. there exists T ≥ 0 such that
Proof. See Appendix.
The following theorem presents the main result of the paper.
Theorem 1. For all initial conditions starting in the set S
2 e M · e M ≤ ξ 2 } for a positive ξ 2 < 2, the solutions of the error dynamics (12), (13), and (14) are rendered uniformly ultimately bounded by the following choice of control input
The ultimate bound is given by
The matrices U 1 , U 2 and W are given by
Proof. Consider the following positive definite quadratic function in the sublevel set Γ ξ 2 , V 1 ψ. The time derivative of this function,V 1 = e R · e ω , can be made negative definite by setting the virtual control input e ω = −k R e R . A change of variableẽ ω = e ω + k R e R would makeV 1 = −k R e R 2 + e R ·ẽ ω .
The error dynamics forẽ ω is given bẏ
A candidate Lyapunov function for the fuselage dynamics is given by
Setting M = M d from (25) in the above equation would result iṅ
Adding and subtracting M d in (31) would givė
Augmenting the above Lyapunov function for the fuselage with the quadratic form 1 2 e M · e M gives a candidate Lyapunov function for the complete rotor-fuselage dynamics,
Since −A τ is the symmetric part of A, the above inequality can be written aṡ
Setting θ from (24) would make the above inequalitẏ
where z = ( e R ẽ ω e M ), and δ r and W are given in (26) and (29) respectively. Now consider the last term of the above inequality
(37) Setting µ r from (26) and using the relation in (9) would result in
Since A τĀ −1 τ is positive definite and
where ε = ε f + ε r . Next the ultimate boundedness for the tracking error dynamics is shown. V 3 is positive definite and quadratic when ψ(R e ) ≤ ξ 2 for some positive ξ 2 < 2. This is guaranteed when V 3 ≤ ξ 2 . As a result, V 3 satisfies the following inequality in the sublevel set L
for positive definite U 1 and U 2 given by (29).V 3 along the solution of error dynamics is guaranteed to be negative definite when
or in the superlevel set L
Condition (22) of lemma 1 is satisfied in the set
and ξ 1 < ξ 2 is met by (27) . Therefore it follows from lemma 1 that the solutions of the rotor-fuselage error dynamics are uniformly ultimately bounded and the ultimate bound is given by (28). Remark 1. ε f and ε r could be independently set based on the uncertainties associated with the fuselage and rotor dynamics. This is an important design flexibility for a helicopter since it allows for adjusting the robustness of the controller for exogenous torque independent of uncertainties in rotor parameters. The exogenous torque depends on the type of mission the helicopter flies (e.g. externally attached payload, cable suspended load), while the rotor parameters remain constant for a given rotor hub and blade properties.
Remark 2. The proposed controller requires flap angle feedback, which in the case of a large scale helicopter can be easily measured as described in Kufeld, Balough, Cross, and Studebaker (1994) . For a small scale helicopter the instrumentation required for flap angle measurement is challenging because of the rotor being hingeless in flap. However, an observer for the flap angle can be implemented with the assumption that the remaining states are available. The attitude and angular velocity can be independently estimated using onboard inertial measurement unit as proposed in Mahony, Hamel, and Pflimlin (2008) .
Simulation Results
The tracking controller given by (24) was simulated for a 10 kg class model helicopter whose parameters are given in table 1. The helicopter was given an initial attitude of 80 deg in pitch angle and 90 deg/s of pitch-rate and was subjected to a sinusoidal roll angle input with an amplitude of twenty degree and a frequency of 1 Hertz. Simulations were performed separately for structured, unstructured and combined structured plus unstructured uncertainties. In the case of structured uncertainty, the main rotor time constant used for controller implementation was assumed to be 30 percent more than the true value. The tracking error dynamics was unstable when the nominal controller, i.e. without the robustification term µ M , was used as shown in Fig. 4 . On the other hand, the robust controller performs satisfactorily as is evident from Fig. 5 . Unstructured disturbance was introduced by adding disturbance torque of the form
In this case, the performance of the controller with and without the robustification term µ f can be compared from Figs. 6 and 7. Figure 8 shows the performance of the proposed robust controller with the combined structured and unstructured disturbances. The following controller parameters were used for simulation
2 ) 137.7 Table 1 
Conclusion
The paper classifies the possible uncertainties associated with a rotor-fuselage model of a helicopter into structured and unstructured disturbances. The proposed controller is robust with respect to both these uncertainties and the tracking error is shown to be ultimately bounded. The ultimate bound of the tracking error can be made arbitrarily small by an appropriate choice of the design parameters ε f and ε r , being only restricted by control input saturation. To the best of the authors' knowledge, this is the first time that a robust attitude tracking controller is designed for an aerobatic helicopter which retains the rotor dynamics, is globally defined, and classifies the uncertainties involved into two classes.
APPENDIX

Proof of Lemma 1
Proof. L 
and hence the ultimate bound (23b).
